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a b s t r a c t
One interesting technique for obtaining fixed point results is the technique of contractive
conditions of integral type. (ψ, φ)-type contractive maps are introduced in order to
generalize this technique. Some common fixed point results for (ψ, φ)-type contractive
maps on metric spaces are proved. Finally, a result is also obtained concerning the
discontinuity of (ψ, φ)-type contractive maps at their unique common fixed point.
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1. Introduction
The study of common fixed points of compatible mappings has been an active area of research interest ever since
Jungck [1] introduced the notion of compatible mappings in 1986. Let f and g be self-maps of a metric space X := (X, d)
and C (f , g) := {x ∈ X : fx = gx}. The maps f and g are called compatible if limn→∞ d(fgxn, gfxn) = 0 whenever {xn}n≥1
is a sequence in X such that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X . We say that the maps f and g have the
property (E.A) [2] if there exists a sequence {xn}n≥1 such that limn→∞ fxn = limn→∞ gxn = t for some t ∈ X . If two maps
are noncompatible, then they satisfy the property (E.A), but the converse is not necessarily true [2,3]. Pant [4] introduced
the notion of pointwise R-weakly commuting mappings and he proved, in [5], that pointwise R-weak commutativity is
equivalent to commutativity at coincidence points. Jungck [6] defined f and g to be weakly compatible if fgx = gfx for all
x ∈ C(f , g). Note that f and g are weakly compatible if and only if f and g are pointwise R-weakly commuting.
One interesting technique for obtaining fixed point results is the technique of contractive conditions of integral type.
In [7], trying to extend a theorem of Branciari [8], Rhoades established two fixed point theorems satisfying a contractive
inequality of integral type. Also, Djoudi et al. used the concept of weak compatibility for obtaining the common fixed point
of mappings satisfying a contractive condition of integral type and the maps are not necessary continuous [9,10]. In this
work, we generalize this useful technique by introducing (ψ, φ)-type contractive maps and prove some common fixed
point results for such maps in metric spaces.
Let (X, d) be a metric space, x0 ∈ X, f and g self-maps on X , g(X) ⊆ f (X) and yn = f (xn+1) = g(xn) for all n ≥ 0. Define
the sets O(yk, n) := {yk, yk+1, . . . , yk+n} (k ≥ 0) and O(yk,∞) := {y0, y1, . . . , yn, . . .}. The set O(yk, n) is called the nth
orbit of yk. For any set A, δ(A)will denote the diameter of A. Finally, we put
M(x, y) = max{d(fx, fy), d(fx, gx), d(fy, gy), d(fx, gy), d(fy, gx)}
and
N(x) = max{d(gx, gfx), d(g2x, gfx), d(fx, gx), d(f 2x, gfx), d(fx, gfx), d(gx, f 2x)},
for all x, y ∈ X .
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2. The main results
Let (X, d) be a metric space, f and g self-maps on X, ψ : [0,∞) → [0,∞) a nondecreasing continuous function such
that ψ(t) ≥ t whenever t > 0, and φ : [0,∞) → [0,∞) a function that is continuous from the right and nondecreasing
for which φ(t) < t for all t > 0. Then, we say that f and g satisfy the (ψ, φ)-type contractive condition whenever
ψ(d(gx, gy)) ≤ φ(ψ(M(x, y)))
for all x, y ∈ X . Also, we say that f and g satisfy the (f , g, φ)-type contractive condition whenever d(fx, fy) ≤ φ(d(gx, gy))
for all x, y ∈ X . It is known that if t > 0, φ(t) < t if and only if limn→∞ φn(t) = 0, where φn denotes the nth repeated
composition of φ with itself [11].
Example 2.1. Let (X, d) be a metric space, f and g self-maps on X, λ > 0 and ξ a nonnegative Lebesgue integrable self-map
on [0,∞) for which  δ0 ξ(t) dt > 0 for all δ > 0. Define φ,ψ : [0,∞)→ [0,∞) by ψ(s) =  s0 ξ(t) dt > 0 and φ(s) = λs.
Then, ψ(d(gx, gy)) ≤ φ(ψ(M(x, y))) is equivalent to  d(gx,gy)0 ξ(t) dt ≤ λ  M(x,y)0 ξ(t) dt . This shows that the (ψ, φ)-type
contractive condition is a generalization of the contractive condition of integral type in [7]. Also if φ is a function that is
continuous from the right and nondecreasing for which φ(t) < t for all t > 0, then ψ(d(gx, gy)) ≤ φ(ψ(M(x, y))) is
equivalent to
 d(gx,gy)
0 ξ(t) dt ≤ φ(
 M(x,y)
0 ξ(t) dt). This shows that the (ψ, φ)-type contractive condition is a generalization
of the generalized contractive condition of integral type in [8].
Example 2.2. Let (X, d) be metric space, λ ≥ 1 and f and g self-maps on X . Define φ,ψ : [0,∞)→ [0,∞) by ψ(s) = λs
and φ(s) = ln(s + 1). Then, the relation ψ(d(gx, gy)) ≤ φ(ψ(M(x, y))) is equivalent to λd(gx, gy) ≤ ln(M(x, y) + 1). If
ψ(s) = s2+s andφ(s) = ln(s+1), then the relationψ(d(gx, gy)) ≤ φ(ψ(M(x, y))) is equivalent to (d(gx, gy))2+d(gx, gy) ≤
ln(M(x, y) + 1). If ψ(s) = s2 + 1 and φ(s) = ln( s+12 ), then the relation ψ(d(gx, gy)) ≤ φ(ψ(M(x, y))) is equivalent to
(d(gx, gy))2 ≤ ln(M(x,y)+12 )− 1.
These examples show that the class of (ψ, φ)-type contractive maps is bigger than the class of maps which satisfy the
generalized contractive condition of integral type. Now, we are ready to state and prove our main results.
Lemma 2.1. Let (X, d) be a metric space, x0 ∈ X, f and g self-maps on X satisfying the (ψ, φ)-type contractive condition,
g(X) ⊆ f (X), δ(O(yk, n)) > 0 for all k ≥ 0 and n ≥ 1 and δ(O(y0,∞)) <∞. Then,
ψ(δ(O(yk, n))) ≤ φk(ψ(δ(O(y0,∞))))
for all k ≥ 1.
Proof. For each k ≥ 0 and n ≥ 1 there exist integers i, j satisfying k ≤ i < j ≤ k + n such that δ(O(yk, n)) = d(yi, yj) =
d(gxi, gxj). For such i, jwe have
ψ(δ(O(yk, n))) = ψ(d(yi, yj)) = ψ(d(gxi, gxj)) ≤ φ(ψ(M(xi, xj)))
= φ(ψ(max{d(fxi, fxj), d(fxi, gxi), d(fxj, gxj), d(fxi, gxj), d(fxj, gxi)}))
= φ(ψ(max{d(yi−1, yj−1), d(yi−1, yi), d(yj−1, yj), d(yi−1, yj), d(yj−1, yi)}))
≤ φ(ψ(δ(O(yi−1, j− i+ 1)))).
Now, we claim that δ(O(yk, n)) = d(yk, yj) for some integer j satisfying k < j ≤ k + n. Otherwise, suppose that
δ(O(yk, n)) = d(yi, yj)with i > k. Thus, i− 1 ≥ k and so O(yi−1, j− i+ 1) ⊆ O(yk, n). Hence,
ψ(δ(O(yk, n))) ≤ φ(ψ(δ(O(yi−1, j− i+ 1)))) ≤ φ(ψ(δ(O(yk, n)))) < ψ(δ(O(yk, n))).
This contradiction proves the claim. Since the function φ is nondecreasing, we have
ψ(δ(O(yk, n))) ≤ φ(ψ(δ(O(yk−1, j− i+ 1)))) ≤ φ(ψ(δ(O(yk−1, n+ 1)))).
Thus, we obtain
ψ(δ(O(yk, n))) ≤ φ(ψ(δ(O(yk−1, n+ 1)))) ≤ φ(φ(ψ(δ(O(yk−2, n+ 2)))))
≤ · · · ≤ φk(ψ(δ(O(y0, n+ k)))).
Therefore, the lemma follows because δ(O(y0,∞)) <∞ and the functions φ and ψ are nondecreasing. 
Theorem 2.2. Let (X, d) be a complete metric space, f and g weakly compatible self-maps on X satisfying the (ψ, φ)-type
contractive condition and g(X) ⊆ f (X). Assume that f (X) is a closed subset of X and that there exists x0 ∈ X such that
δ(O(y0,∞)) <∞ and δ(O(yk, n)) > 0 for all k ≥ 0 and n ≥ 1. Then, f and g have a unique common fixed point.
Proof. For all integersm and nwithm > nwe have d(yn, ym) ≤ δ(O(yn,m)). So,
ψ(d(yn, ym)) ≤ ψ(δ(O(yn,m))) ≤ φn(ψ(δ(O(y0,m+ n)))) ≤ φn(ψ(δ(O(y0,∞)))).
Sh. Rezapour, N. Shahzad / Applied Mathematics Letters 25 (2012) 959–962 961
Hence, limm,n→∞ d(yn, ym) = 0. This implies that {yk}k≥0 is a Cauchy sequence. Choose z ∈ X such that
z = lim
n→∞ yn = limn→∞ gxn = limn→∞ fxn+1.
Since f (X) is closed, there exists u ∈ X such that z = fu. But,
ψ(d(gu, gxn)) ≤ φ(ψ(M(u, xn))) and lim
n→∞M(u, xn) = d(z, gu).
Hence,
lim
n→∞ψ(d(gu, gxn)) = ψ(d(gu, z)) ≤ lim supn→∞ φ(ψ(M(u, xn)))
≤ φ(ψ(d(z, gu))) < ψ(d(z, gu)),
which implies that ψ(d(z, gu)) = 0. Thus, z = gu = fu and so u ∈ C(f , g). Since f and g are weakly compatible,
gz = gfu = fgu = fz. It is sufficient to prove that z is a fixed point of g . Since f and g satisfy the (ψ, φ)-type contractive
condition, ψ(d(gz, gxn)) ≤ φ(ψ(M(z, xn))) for all n ≥ 1. But, limn→∞M(z, xn) = d(z, gz) because fz = gz. Hence,
lim
n→∞ψ(d(gz, gxn)) = ψ(d(gz, z)) ≤ limn→∞φ(ψ(M(z, xn))) < ψ(d(z, gz)),
which is a contradiction. Therefore,ψ(d(z, gz)) = 0 and so z = gz. Finally, suppose that z1 and z2 are two distinct common
fixed points of f and g . Then,
ψ(d(z1, z2)) = ψ(d(gz1, gz2)) ≤ φ(ψ(M(z1, z2))) = φ(ψ(d(z1, z2))) < ψ(d(z1, z2)),
which is a contradiction. 
Theorem 2.3. Let (X, d) be a complete metric space, f and g weakly compatible self-maps on X satisfying the (ψ, φ)-type
contractive condition and g(X) ⊆ f (X). Assume that f is continuous and there exists x0 ∈ X such that δ(O(y0,∞)) < ∞
and δ(O(yk, n)) > 0 for all k ≥ 0 and n ≥ 1. Then, f and g have a unique common fixed point.
Proof. Following the proof of Theorem 2.2 we may conclude that {yk}k≥0 is a Cauchy sequence. Choose z ∈ X such that
z = lim
n→∞ yn = limn→∞ gxn = limn→∞ fxn+1.
Since f is continuous, fyn converges to fz. But, we have
d(gyn, fz) ≤ d(gyn, fyn+1)+ d(fyn+1, fz) = d(gfxn+1, fgxn+1)+ d(fyn+1, fz)
≤ d(fxn+1, gxn+1)+ d(fyn+1, fz) = d(yn, yn+1)+ d(fyn+1, fz).
Hence, limn→∞ gyn = fz and so limn→∞M(yn, z) = d(fz, gz). Since ψ(d(gyn, gz)) ≤ φ(ψ(M(yn, z))), we have
ψ(d(fz, gz)) = lim
n→∞ψ(d(gyn, gz)) ≤ lim supn→∞ φ(ψ(M(yn, z)))
≤ φ(ψ(d(fz, gz))) < ψ(d(fz, gz)).
This implies thatψ(d(fz, gz)) = 0. Hence, fz = gz and so z ∈ C(f , g). Since f and g are weakly compatible, fgz = gfz = ggz.
Thus,
ψ(d(ggz, gz)) ≤ φ(ψ(M(gz, z))) ≤ φ(ψ(d(ggz, gz))).
Therefore, ggz = gz or gz is a fixed point of g . It is easy to see that gz is a fixed point of f . The uniqueness follows by amethod
similar to that used in the proof of Theorem 2.2. 
Theorem 2.4. Let (X, d) be a metric space, and f and g two weakly compatible self-maps on X which satisfy the property (E.A)
and the (f , g, φ)-type contractive condition. Assume that f (X) ⊆ g(X) and φ(d(fx, f 2x)) ≠ φ(N(x))whenever fx ≠ f 2x, where
f (X) is the closure of f (X). Then, f and g have a common fixed point.
Proof. Since f and g satisfy the property (E.A), there exists a sequence {xn}n≥1 such that limn→∞ fxn = limn→∞ gxn = t for
some t ∈ X . Since t ∈ f (X) and f (X) ⊆ g(X), there is a u ∈ g(X) such that t = gu. But, d(fxn, fu) ≤ φ(d(gxn, gu)) for all
n ≥ 1. Hence, fu = gu and so u ∈ C(f , g). Thus, since f and g are weakly compatible, ffu = fgu = gfu = ggu. Now, we claim
that ffu = fu. If not, then φ(d(fu, ffu)) ≠ φ(N(u)) = φ(d(fu, ffu)), which is a contradiction. Hence, fu = ffu = gfu and so fu
is a common fixed point of f and g . 
Corollary 2.5. Let (X, d) be a metric space, f and g noncompatible weakly compatible self-maps on X satisfying the (f , g, φ)-
type contractive condition and f (X) ⊆ g(X). Assume that φ(d(fx, f 2x)) ≠ φ(N(x)) whenever fx ≠ f 2x. Then, f and g have a
common fixed point.
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Example 2.3. Let X = [2, 20] and d be the usual metric on X . Define the self-maps f and g on X by
fx =
2 x = 2
6 2 < x ≤ 5
2 5 < x ≤ 20,
gx =

2 x = 2
14 2 < x ≤ 5
4x+ 10
15
5 < x ≤ 20.
Also, suppose that φ : [0,∞) → [0,∞) is defined by φ(s) = s2 . Then, it is clear that f (X) ⊆ g(X) and f and g are
occasionally weakly compatible. If we consider the sequence {xn} = {5 + 1n }, then limn→∞ fxn = limn→∞ gxn = 2. Thus, f
and g satisfy the property (E.A). If 2 < x ≤ 5, then φ(d(fx, f 2x)) = 2 < φ(N(x)). Hence, φ(d(fx, f 2x)) ≠ φ(N(x))whenever
fx ≠ f 2x. Also, f and g satisfy the (f , g, φ)-type contractive condition. Finally, note that f and g have the unique common
fixed point x = 2 and f and g are discontinuous at that point.
This example gives us an idea for providing the next result. The aim of this result is that to provide some conditions under
which two (ψ, φ)-type contractive maps are discontinuous at their unique common fixed point.
Theorem 2.6. Let (X, d) be a metric space, and f and g two noncompatible self-maps on X satisfying the (f , g, φ)-type
contractive condition. Assume that f (X) ⊆ g(X),max{d(ggx, fgx), d(ffx, gfx)} ≤ φ(d(fx, gx)) for all x ∈ X and φ(d(fx, f 2x)) ≠
φ(N(x)) whenever fx ≠ f 2x. Then, f and g have a unique common fixed point. Also, f and g are discontinuous at the common
fixed point.
Proof. Since f and g are noncompatible, there exists a sequence {xn}n≥1 such that limn→∞ fxn = limn→∞ gxn = t for some
t ∈ X , but either limn→∞ d(fgxn, gfxn) ≠ 0 or the limit does not exist. Since t ∈ f (X) and f (X) ⊆ g(X), there is a u ∈ g(X)
such that t = gu. But, d(fxn, fu) ≤ φ(d(gxn, gu)) for all n ≥ 1. Hence, fu = gu and so ffu = gfu. If ffu ≠ fu, thenφ(d(fu, ffu)) ≠
φ(N(u)) = φ(d(fu, ffu)), which is a contradiction. Thus, ffu = gfu = fu and so fu is a common fixed point of f and g . If x0 and
x1 are two distinct common fixed points of f and g , then d(x0, x1) = d(fx0, fx1) ≤ φ(d(gx0, gx1)) = φ(d(x0, x1)) < d(x0, x1)
which is a contradiction. Hence, f and g have a unique common fixed point. Now, we show that f and g are discontinuous at
the common fixed point t = fu = gu. If f is continuous at t , then limn→∞ ffxn = ft = t . Since d(ffxn, gfxn)) ≤ φ(d(fxn, gxn))
for all n ≥ 1, limn→∞ gfxn = ft = t . Thus, limn→∞ d(fgxn, gfxn) = 0 and this is a contradiction. If g is continuous at t , then
limn→∞ ggxn = gt = t and so limn→∞ fgxn = t . Therefore, limn→∞ d(fgxn, gfxn) = 0. This contradiction shows that g is
discontinuous at the common fixed point. 
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